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Abstract

This research investigates how the experience learned in repeated transactions by consumers and
suppliers would affect supply-chain partners stratigic decisions such as price, order quantity and
service level. The supply-chain focused in this study includes two manufacturers producing com-
peting products and selling them through a common retailer. The consumer demand depends on
two factors: (1) retailer price and (2) service level provided by the manufacturer in the past and
current transaction periods. The Game theory is used to understand the interactions between the
horizontal competiton among two suppliers and their vertical interactions to the common retailer
in the two-period looking ahead decision environment. The dynamic system concept is integrated
to the game-theoretic model for understanding the evolution of the stratigic decisions over multiple
time perods. Our research shows that if demand is only sensitive to price in its learning process, the
supplier with any type of cost advantage will be able to support more services to its customers and
thus capture a larger market to gain more profit than its competitor. Comparison of our model
to the myopic model indicates that myopic suppliers are not capable to cope with the learning
consumers. Their market sizes shrink and they earn less profit over time. On the other hand, the
supplier who uses the learning experience to plan future investment can prevent this phenomenon

from happening and enhance their competitiveness.
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1 Introduction

Experience learned from past transactions can help consumer decide what brand of products to
buy and what price he/she is willing to pay. This experience can also help supplier decide their

future investment for improving its competitiveness. This research focuses on experience learned



from supply-chain partners’ repeated transactions for deciding product price, order quantity and
service level, and also from consumers’ memory of price and service difference of product brands.
In this research, service is defined as any action that the manufacturer takes to “help the customers
obtain maximum value from their purchases” (Goffin 1999). Example of services include post-sale
customer support, product advertising, improved product quality, product delivery, etc. To limit
the scope of research, the supply-chain considered has two manufacturers producing competing

products and selling them through a common retailer.

It is only recently that “learning” through repeated transactions has been integrated into multi-
period models. There are two streams of research on “learning” in the literature. Petruzzi and
Dada (2001, 2002) [17], [18] and Cachon and Porteus (1999) [2] are among the studies in the first
group which regard “learning” as a process of updating information on demand distribution. For
instance, Petruzzi and Dada (2001) analyzed inventory and pricing decisions in a two-period retail
setting when an opportunity to refine information about uncertain demand is available. Specifically,
they determined the optimal stocking and pricing policies over time when a given market parameter
of the demand process, though fixed, is initially unknown. Petruzzi and Dada (2002) [18] extended
the problem by considering a multiple-period problem. The authors use dynamic programming

techniques to formulate their optimization model.

Another stream of research embeds “learning” into the demand function as part of demand
modelling. Vilcassim et al. (1999) [25] used this approach in their analysis of price and advertising
competition among firms in a given product market. Firm (or brand) level demand functions
account for the contemporaneous and carry-over effects of these marketing activities, and also allow
for the effects of competitor actions. This approach enables them to quantify both the direction and
magnitude of competitive reactions, and also to identify the form of market conduct that generates
the particular pattern of interaction. Our research follow the latter approach of “learning” to study

the repeated transactions problems.

Our study approaches the problem by introducing a new methodology by integrating the game
theory with dynamic system concept in understanding the behavior (and impact) of horizontal and
vertical firms’ decision making process in multiple periods. By applying this new methodology, we
answer the following questions: (i) How do the manufacturers make their pricing decisions over
time? (i) How are the prices and service levels in the second period influenced by those in the first
period? (7ii) How does the whole supply chain behave over time? What indication(s) is there for

us to learn about the firms’ interaction and system’s temporal (inter-temporal) behaviors?

Existing studies on multiple-period models can be separated into two groups. Studies in the
first group are mostly from the industrial engineering and operations research community; they
focus on production and/or inventory management by a single firm. The second group is mostly
from the marketing and management community; they concentrate on competition and interactions

among firms through either price or nonprice factor(s) over time. See Section 2 for more literature



review on this topic. This research studies the inter-temporal behavior of the manufacturers and
retailer in the supply chain depicted in Figure 1. Each period can be viewed as one selling season
or a span over one product generation. Thus each period in our model can span over one quarter,
6 months, or 2 years, depending on the nature of the product being considered. The “inter-
temporal” factors include (1) the difference in retail prices of two manufacturers’ products from
the previous period, and (2) the difference in the service levels provided by the two manufacturers
in the previous period. We would like to investigate the impact of these factors to supply-chain

partners’ management decisions elaborated below.
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Figure 1: Supply Chain System.

This article is interested in the behavior of each firm (one retailer and two competing manufac-
turers) over time when faced with “learning” demand. Namely, we assume that demand for each
product in any given period is affected by two types of components: (1) the difference in prices

and services between the two products in the previous period, and (2) the amount of investment by



each manufacturer between each period to expand the market base of its product (or brand). This
assumption on the behavior of consumers demand reflects the fact that consumers have learned
from the experience they had with the service provided by each manufacturer and the price they
paid for the product. They also are influenced by the investment by each manufacturer to expand

its product’s market base (i.e., promotions, advertising campaigns, etc.).

Within each period a manufacturer has to make decisions on wholesale price, service level and
amount of investment to expand its market base for that period. The decision on the amount of
investment is taken at the very beginning of each period. The decisions on the wholesale price
and service level are taken by each manufacturer after the market has been influenced by the
investment. Finally, the retailer makes its decision on the retail price of both products at the end
of each period. The decision cycle is repeated over time in this order. See Figure 2 for the timeline
of events within each transaction. Note that we concentrate on the Manufacturer Stackelberg model
in this research. See Charoensiriwath and Lu (2004(a)) for a study of comparing this model against

Retailer Stackelberg and Nash models in a single period situation.
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Figure 2: Timeline of events within each transaction.

Section 77 presents the notation amd model for supporting the research on impact of learning
from repeated transactions. The analysis of the model using game theory and dynamic system
concept is presented in Section 4 and 5, respectively. Numerical examples are given in the Section

6. Comparison of results from our model and a myopic model is presented in Section 7. Finally,



Section 8 gives a few final remarks.

2 Literature Reviews on Multiple-period Models

2.1 Productions and Supply Chain Management

Early literature in this area include Thomas (1970) [21], who considered the joint pricing-production
decision in a discrete-time (multi-period) setting. Federgruen and Heching (1999) [9] studied
pricing-production models with concave revenue functions. Specifically, they examined a single-
item problem in which a firm faces uncertain price-dependent demand. The paper addresses the
simultaneous determination of pricing and inventory replenishment strategies for such a firm in
both finite and infinite horizon models, with the objective of maximizing total expected discounted

profit or its time average value.

There is a rich collection of literature on supply chain coordination with stochastic demand.
Several mechanisms have been identified to coordinate manufacturer-retailer channels. They include
the inventory buyback/return policy (Pasternack (1985) [16]), the quantity flexibility policy (Tsay
(1999) [23]) for models without pricing decisions, revenue sharing contracts (Cachon and Lariviere
(2000) [3]), and a two-part tariff (Weng (1997) [26]) for pricing and production decisions. The
coordination mechanisms serve as means to share risk among firms in a channel in order to resolve
incentive incompatibilities due to uncertainties. For an up-to-date comprehensive review on this

line of research, the reader is referred to Cachon (2001) [4].

2.2 Multi-period Dynamic Competition

The majority of studies in this area are from the marketing and management community. Marketing
literature models demand as diffusion of acceptance with adoption rate/sales rate and focuses on
consumer adoption process of a new product. The research on diffusion models was originated with
the Bass model (Bass (1969) [1]). Robinson and Lakhani (1975) [19] were the first to incorporate
the variable of price into the Bass model. In recent work, the cost experience curve has been
introduced on the production side; hence there are learning effects on both demand and cost. Most
applications deal with durable goods where each adopter represents one unit of sales. In most
cases, repeated sales have been ignored. However, Jeuland and Dolan (1982) [13] and Mahajan
et al. (1983) [15]) included repeated purchases in their models. Dockner (1985) [8] generalized
the Robinson-Lakhani model to a duopoly and applied a game-theoretic approach to find a Nash
Equilibrium on the decision of product price. However, this group of literature focuses only on
price as the main decision variable, i.e., no service level decision. It also does not consider the role

of retailer in the supply chain during dynamic competition.



There is another parallel stream of research in economics and marketing that is not based
on Bass’ diffusion model. Demand is assumed to be derived from aggregated scanner data from
retailers. Our model follows this approach which is common in microeconomics (see Tirole (2000)
[22] and Shy (2000) [20]). Both price and nonprice variable(s) can be included in the model.
Hotelling (1929) [12] was the first to introduce a formal model of product differentiation through
price and location. Gabszewicz and Thisse (1979) [11] and Cohen and Whang (1997) [7] developed
models where customers’ preference for products can be strictly ordered (for example, quality -
the higher, the better). Other studies such as Chintagunta (1993) [5] examined the sensitivity of
equilibrium profits in advertising game in a duopolistic market. Chintagunta and Rao (1996) [6]
considered pricing strategies in a dynamic duopoly. Fruchter and Kalish (1997) [10] investigated

dynamic competition through advertisement between two firms.

3 Model

3.1 Notations and Supply Chain Descriptions

In the multiple-period model each decision variable has a subscript ¢ = 1,2,..., N for indicating
which transaction period is considered. The subscript ¢ = 1 and 2 denotes the manufacturer (or
product) associated with the variable. Let IIp; and Il + be the total profit for the retailer and
manufacturer, respectively, p; ¢, w; ¢, Qi+ and a;; be the retail price, wholesale price, demand and
market size for product ¢, and s;; and I;; be the amount of service provided by supplier i to the
consumer and the amouint of investment from manufacturer 7 to expand its market base at the

beginning of the tth transaction.

There are two suppliers of competing products and each supplier manufactures one product.
The two products are sold competitively to end consumers through one common retailer. The
demand for each product in each period depends on two factors: (1) the difference in retail prices
between the two competing products, and (2) the difference in level of service provided by the
product’s manufacturer and its competitor. Thus, within each period the demand for each product

can be expressed as:
Qi,t = Qit— (bp + ep)pi,t + eppj,t + (bs + gs)si,t - assj,ty (1)

where a; > 0, b, >0, 0, >0,bs >0,0s >0,i=1,2, and j = 3 — 1.

The positive constant a; can be viewed as the size of a “market base” (Tsay and Agrawal 2000)
which will be further elaborated in Equation (2). We assume that a; is large enough so that Q;
will always be non-negative. We can think of (b, + 6,) as the measure of the responsiveness of
each manufacturer’s market demand to its own price. When the price of product i is decreased by

one unit, the product will gain b, + 6, more customers. Amongst these customers, ¢, of them are



switching from the competitor’s product while b, of them are the direct result of a larger market
demand due to the lower price. In other words, b, of them would not buy the product otherwise.

A similar explanation can be used for service-related parameters by and 6.

Our multi-period model also takes into account the inter-temporal influence of retail prices and
services on consumer demand in the next period. This is a result of the “learning” behavior of
consumers. This “learning” behavior is reflected in the increase or decrease in the size of each
product’s market base over time (indicated by a;; in the Equation (1) above). Speficically, each
product’s market size is affected by two inter-temporal factors: (1) the difference in retail price
from the previous period, and (2) the difference in level of service provided by the manufacturers

in the previous period.

In addition to these two inter-temporal factors, the manufacturers can influence the size of
their product’s market base by making some investment to expand its market base (i.e., through
advertising campaigns, improved business infrastructure, alliance formation, promotions, etc.) at

the beginning of each period.

This study focuses on the manufacturer stackelberg model. Both manufacturers are Stackelberg
leaders of the supply chain. That is, we assume that the suppliers in oligopolistic markets are able to
establish a supplier-driven channel. In each transaction the manufacturers simultaneously announce
the values of their decision variables (wholesale price and the service level) before any transaction
occurs. After that the retailer reacts to the announcement by deciding what the retail price of each

product should be.

Figure 2 shows the timeline of events within each period. For keeping our studies brief we
assume that each manufacturer has complete information about its competitor and the retailer’s
cost parameters and also the consumer’s demand responsiveness to the retail price. Therefore,
considering the problem from Step 3 to Step 5, for given wholesale prices chosen in Step 3, the
manufacturer knows the retailer’s response in Step 4 and, hence, their own profit in Step 5. Each
manufacturer will take this into account so as to choose the wholesale price and service level to
maximize his own profit. Similar reasoning also applies when we consider the problem faced by
the manufacturers in Step 1. The manufacturers can anticipate the market reaction (through size
of the market base) in Step 2 when making their decisions on the amount of investment in Step
1. Furthermore, the manufacturers in Step 1 can also take into account their own best anticipated
courses of action in Step 3 and the retailer reactions in Step 4 to maximize their individual profit

to be realized in Step 5.

3.2 Learning Demand Function

This next equation of market-size in the demand function (1) reflects the “learning” by consumers

about the experience they had gained before making their buying decisions within this period



(before Step 3-5 begins).

aitr1 = @ig —Y(Pit — pjit) + (it — 851) + By Lipsa (2)

The following provides rationale of the model formulation. To keep our model brief, we assume
that consumer’s memory on history of past transactions can go back to only one period. Specifically,
consumers only care about the relative differences in the retail prices and service levels between
the two competing products. Information on past prices and service reputation has been made
available to consumers via channels such as many websites on the Internet or TV commercials. Note
that Model (2) indicates that the investment in market base by a manufacturer has a decreasing
return. Thus, the manufacturers can not keep investing their money to expand their market base.
Moreover, the investment by one manufacturer (I;;) does not directly affect the market size of
the other product within the same period (a;;). However, through strategic movement by the two
manufacturers, it is possible that an indirect effect exists. Namely, an increase in investment by
manufacturer ¢ can induce more investment by manufacturer j. Our analysis of the model considers

this indirect influence through the game-theoretic framework.

3.3 Manufacturers’ and Retailer’s Profit Functions

As in single-period problem, Manufacturer i’s profit within each period is the revenue minus pro-

duction cost, service cost and investment cost (e.g., Charoensiriwath and Lu, 2004(a)):

niszt
3
Oy = (wip —c)Qie — 2’ — Iy (3)

where ¢ = 1,2 and #; is the service cost coefficient of manufacturer i. Note that this model captures
the effect from the “diminishing return of service” by a quadratic form of service cost. The retailer

profit is the difference between the wholesale and the retail prices of products sold as given below:

2

Tre = > (pis — wir)Qis (4)

i=1
where @) ; is as specified in Equation (1).

In any period, all supply-chain players (vertical-interaction partners or horizontal-competition
manufacturers) must ask how the decision they makes will affect other players and the results in
the future periods. Game-theoretic approach is suitable to analyze this problem. Note that the
analysis here requires more than just a simple repeated game-framework over multiple periods, but

a combination of game theory and dynamic systems concept. The game theory is used to analyze



strategic interactions among firms in the supply chain. Equilibrium can then be derived. Dynamic

system concept is employed to analyze the evolving equilibrium of the supply chain over time.

To simplify the multi-period analysis of competition between manufacturers and their interac-
tion with retailer, we assume that both manufacturers and the retailer have a “one-period look-
ahead” behavior. This means that in any period t, each firm will try to maximize the sum of profits
in period ¢t and ¢+ 1. Vilcassim et al. (1999) [25] also used this framework in their analysis on firms
competing on both price and advertisement!. This two-period optimization assumption is different
than the “myopic” assumption in which firms only care for current period profit when making their
decisions. It also differs from the model in which firms try to maximize their profits over all N
periods (i.e., until the end of a finite time horizon). The main difficulty in the latter framework is

tractability of the closed-form solution of decision variables.

The question in our framework with such a simplification is whether the moving two-period
solution provides a reasonable approximation to the behavior of firms in the real world. To address
this question, we refer to results from an empirical study by Vilcassim et al. (1999) [25]. They
found that the relative effect of the actions from the current-period on demand of the future-period
“ranged from around 18% to 9%, while the effect to the two periods into the future was at at most
around 8%.” Hence, the moving two-period model can be treated as a reasonable approximation
to real profit maximizing behavior of firms. Studies of the infinity horizon problems will be left to

our future work.

4 Analysis of the Model — Part I: Equilibrium

The equilibrium concept used in our analysis is the “subgame-perfect equilibrium” (reference xxx).
Using a game-theoretic framework, the problem is solved backwards. That is, to make a decision
for period t, we begin by considering the (¢ + 1)st period problem. Once the reaction functions
in the (¢ + 1)st period are derived, the decision problems by each firm in the ¢th period are then
derived and analyzed. The methodology in calculating reaction functions in both periods is similar.
First, the reaction function (on retail price) by the retailer must be derived. Then the equilibrium
wholesale price and service level given by each manufacturer are derived. Finally, the amount of
investment (to induce market size) made by each manufacturer is calculated. The only difference
between these calculations in both periods is that when performing the calculations in the (¢ + 1)st
period, we assume that firms already have information on the value of prices and service levels in

the tth period. The following sections provide details.

!Their study uses econometric model to estimate the demand and competitive interaction parameters. Some

parameters in our study rely on their study to get an estimation on the range of value.



4.1 Second (Next) Period Analysis

We solve the problem here by first separating the problem into two phrases. The first one can be
called an inter —temporal subproblem. This is the subproblem where the decision variables involve
some variables from the previous period. This subproblem covers the Step 1 and Step 2 defined in
Figure 2. The other subproblem is an intra — temporal subproblem. This is the subproblem in
which all the parameters and variables are the results of decisions made within the period. This
subproblem covers the Step 3 to Step 5 in Figure 2. In deriving the equilibrium results, we solve

the intra-temporal subproblem first.

4.1.1 Intra-Temporal Subproblem

The intra — temporal subproblem in period ¢t + 1 is the same as the single-period problem. This
is because by the time the retailer made decision on retail prices in Step 5 and the manufacturers
make their decisions on wholesale prices and service levels in Step 3, the market size parameters
(@it4+1 for i = 1,2) have already taken into account the investment made by the manufacturers in
Step 1 of period t+ 1 and any inter-temporal effects from the previous period. Thus, the objective
function of each manufacturer right before the start of Step 3 does not include the investment
(Zit+1). Therefore, the results of studies (see Charoensiriwath and Lu (2004(a)) for an example) on
the Manufacturer Stackelberg model in single-period problem can be applied to the intra—temporal
subproblem here. That is, we will work on the single period problem by ignoring the time index
t + 1 for retailer’s reaction function. Then, manufacturers make their decisions given that they

know how the retailer would react.

Retailer Reaction Function
The retailer in this game must choose retail prices p] and p3 to maximize his equilibrium profit.
That is,

p; €arg mpaxﬂR(pi,p}flwl,wz,Sh@) (5)

where IIr(p;, pjlwi, w2, s1,s2) denotes the profit to the retailer at this stage when he sets retail
prices p;, pj, conditioning on the earlier decisions of w1, ws, s1, s2 by the manufacturers. The first-

order condition can be shown as

o1l
0= apR = a; — 2bppl + ep(p] - 2pl) + bssi - 95(5]' — Si) + wibp + wlﬂp
(A
+pj(9p — wjep, (6)
where i € {1,2} and j = 3 — 4. The second-order contitions are 01‘[%/8]912 = —2b, — 20,, and

8H% /OpiOp; = 8H2R /0pjOp; = 20,,. Because b, > 0 and 6, > 0, the system has a negative definite
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Hessian. Therefore, the p; and ps calculated above are the optimal reaction functions for the

retailer as follows:

o Wi + (bp + bp)a; + Opay o Os(s; — si) + (bp + Op)bssi + Opbss; (7)
Pi 2 T 2b,(by +20,)  2(by + 26,) 20,(by +20,)

Using the results from Equation (7) and (1), the demand quantities become:

Q;" — %_Mwi+97’wj+wsi_9;

5 . ; sj, i=1,2,j=3—i. (8)

We can see that the equilibrium quantities p; and @] for each product are linear functions of the

wholesale prices and service levels by the manufacturers and the market sizes (a; and ag).

Manufacturers Decisions

Given retailer’s reaction functions, we can derive each manufacturer’s optimal wholesale price
and service level by maximizing each manufacturer’s profit shown in Equation (3). Recall that the
two manufacturers move simultaneously. Thus, a Nash Equilibrium exists between them. That is,

FERCAR J

* * k% * * * *
wj € argngUaXHMi(wi,w< s;,8%), si€ argr%axHMi(wi,w~,si,sj), 9)
T k2

where Iy, (ws, wy, 84, 55) is the profit of manufacturer ¢ at this stage (time period ¢ + 1). To find

the optimal wholesale price, w;, we first look at the first-order condition.

0= My, o —b [w- N (bp +0p)ai +0pa;  0Os(sj —si) | (bp + bp)bssi + Opbss;
ow; R 2b,, (b + 26,) 2(by, + 26,) 2b,,(by, + 20,)
gy T
+bgsi — Os(sj — si) + Ci2bp Cigp,
= ((Jg[sﬂf = (wi—a) [_ 2(bpbzf829p) - g’éﬁ?’éffééf,) - Hzp((bii 2299:)) bt 98} s
The second-order derivatives are: 01‘[%\41_ JOow? = —b, — 0,

8H?Mi/8wi85i = bs + 05/2, and 8H%wi/as? = —1;. Because b, > 0 and 6, > 0, we have a negative
definite Hessian. Therefore, w; and s; calculated above are the optimal reaction functions for the

manufacturer ¢. Put the time period notation back and write in the “state-space” matrix form

11



preparing the presentation (see Section 5) in the dynamic system models (reference xxx). The

manufacturer’s equilibrium wholesale price and service level can then be calculated as follows:

W1, t41 _ e1 p1Do el || P1man @i c1 (10)
| w2+ 2Dy 2 ag+1 Pam21  Panog e |

S1,t4+1 _ li  1Do ait+1 n mip Mmi2 c1 (11)
| 52,141 lbDy o ag 41 ma1 M2 e |

where 7,5 € {1,2}, j # i and

Ai = 477i(bp + ‘9:0) + (bs + 95)2 B; = 2771“910 - GS(bs + 95) (%)

D = B;

v Ay

o (bs+05)? _ Os(bs+0s)  Opbs(bs+0s)
b= (bp + 9p) Ty Iy = 2n; - QZi(bp+26p)
noy = Fy + E1Dy nog = Ea + Fo Dy
Yi = A1A2_BJIBQ li = ¥i 2m;

mi1 = 1 (B + F1D2 — i) miz = l1(Fy + E2Ds)
ma1 :lg(Fl—l-ElDl) mog :l2(E2_|_F2D1 _é)

With the results shown above we can calculate for the expression of the retail price (p;+ for
i =1,2) and demand quantity (Q;¢ for i = 1,2). That is

[ t t a c
P1t+1 _ 11 t12 1,t+1 I Yyi1 Y12 1 7 (12)
| P2t+1 o1 t22 az,t+1 Y21 Y22 c2

[ hin h
Q1,041 _ |9 g Gt | | P b 1 , (13)
| Q211 921 922 ag 11 ha1 hao 2

where the definition of t;;,yij, gij, and h;; for 4,5 € {1,2} are given in Appendix A.

Note that the market size (a;;4+1 for i = 1,2) in Equation (10) to (13) are the market size after
seeing the “learning” effect by the consumer as shown in Equation (2). To match the state-space

matrix representation given above, Equation (2) is rewritten as follows:

ait4+1 B ap ¢ - PL o —0o St | B/ 11,441 14)
a2 t+1 az¢ v b2t

+
—0 O 52, ﬂm
In the next section, the amount of investment (I;;+1) each manufacturer should invest to

_l’_

influence the market size will be derived.
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4.1.2 Inter-Temporal Decisions

The objective function of the manufacturers at this stage is as shown in Equation (3). The man-
ufacturer ¢ must choose the investment I, ; to maximize its equilibrium profit. Denoted the
vectors by pt = [p1t, p2.t], we = [w1 e, warl, 8t = [s11,52.4], It = [[14, [2¢]. The investment I, at

equilibrium can be expressed as

Iy € arg max Uas t+1Lit1, I 41 [Pt i, S, It), (15)

i1
where ITyg, +41 (L 441, I;’t+1|pt, wy, St, It) is the profit of manufacturer i at time period ¢ 4+ 1, con-
ditioning on earlier decisions on p¢, we, s¢ and Iy from time period t. Using Equation (14), the

first-order conditions can be shown as

(bs + 0,)*

1
0 = {277iQi,t+1Kj + (Wi t+1 — ¢) [ — (bp + Op)i K + 0pn; D K; + 5

2 K;

0
—E(bs + 95)DiKz} —ni(bs + es)KjSi,tJrl} (16)

p
2/Ti41
where 4,7 € {1,2} and j # 1.

Given Equation (16) and the results from Equation (10), (11), and (13), one can derive the
following linear relationship between the square root of the investment amount and the market size,

retail prices and service levels from previous period t.

[ V11 ] _ [ 011 012 ] [ ap¢ ] N [ (012 —611)y —(012 — 611)Y ] [pl,t ]

V01241 021 022 as ¢ (022 — 021)y  —(d22 — b21)y D2t
— (019 — 0 019 — 90 A
N (012 = 611)0 (012 — 611)0 St | L (17)
—(022 — 21)0 (022 — d21)0 524 Ag

where the definition of ¢;;, and A; for ¢,5 € {1,2} are given in Appendix B.

Finally, the market size in period t +1 (a;¢+1) (which is the market size after seeing the effect
from the investment I; 441 and I5;41) can be derived by substituting Equation (17) into Equation

(2). As a result, the market size in period ¢ + 1 can be expressed as follows:

ai,t41 _ (012 =0 )yB—~ —(d12 — 01 )vB+~ D1t
ag 41 (022 — 021)vB +v  —(b22 — d21)VB — D2t
N —(012 —d11)oB+0 (012 —dn)of—o S1,t
—(022 = 021)0B — 0 (622 — 1) + 0 52t
011 +1 0 A
n (Bo11 + 1) Bo12 | L (18)
Bd21 (Bo22 + 1) ast Ag
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4.2 First (Current) Period Analysis

After knowing how each firm will behave in period ¢+ 1 conditioning on the information on decision

in period ¢, we next consider the decisions faced by each firm in period t.

4.2.1 Intra-Temporal Subproblem

Retailer Reaction Function
At this stage the retailer needs to find the retail price pj; and p3, for maximizing its profit

over two time periods. That is, set p], € argmax,, Hth(pi’t,p;Awt, st, It) with

t+1 2

ri(pelwe, s, I) = D > (pir — wir)Qir (19)

7=t =1

For this we obtain the following first-order derivatives:

By 0Qi 4 0Qj ¢
U — . C— Wi 2 e — W 2
it Qi+ (Pig it) i + Py jit) O
Opi t+1 ow; t+1 ) 0Q; t+1
+ — — : Qit+1 + (Pijt41 — Wipg1) —F———
< 8]%’,1& api,t v ( v v ) api,t
Opji+1  Owjira > 0Qjt+1
+ ’ — ’ i + (p; — w; 2 .
< Opis Opis Qjt+1 + (D1 — Wjt+1) i

Equate the above to zeros and check the second-order conditions. The retailer’s reaction function

to wholesale prices and service levels in period t can be derived as

Pt _ i1 Y12 St | ¢ G2 wie |
P2t a1 a2 S Co1 C22 wo ¢

where the expressions for v;;, (;j, and Y; for 7,5 € {1,2} and j # i are given in Appendix C.

Ty

v, | (20)

Manufacturers Decision Process

The retailer’s reaction function in Equation (20) gives the manufacturers information on how
their decisions will affect the retail prices and their profits. The manufacturers then use this
information to set wholesale prices and service levels to maximize their individual profits over two

periods (¢t and t + 1). Each manufacturer’s objective at this stage can be expressed as

AR i
Hare = E:t |:(wi,7' —¢i)Qir — # —Lir|, (21)
—

for 7,7 € {1,2} and j # i. Note that in Equation (21), I;; is a constant. This is because when the

manufacturers make their decisions on the wholesale prices and service levels, the decisions on I ;
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and Iz; have already been made. Each manufacturer must choose the wholesale price and service

level to maximize its own objective. That is,
* * * * * * * *
wiy € arg max HMi,t(th,wj’t, St sj’t\It), s;s €arg rglaxHMi7t(wi7t,wj’t, Sit, sj7t|It). (22)
it i,t

The first-order conditions for each i = 1,2 can be derived as follows:

0 = a;[w]\j:t = Qi+ (Wit — ;) ggz: + 8;1);:1 Qirst
i — Ci)aQi,t—H P Osit+1 8[i,t+1’
’ ow; ¢ ' Ow; ¢ Ow; 4
0 = agsj‘::t = (wi¢ — Cz’)%ii’: — MiSi¢ + 81;;:1 Qit+1
(Wit — Ci)aQi,tJrl misien Osit+1 ali,tJrl‘
’ 0si ’ 0si ¢ Osi ¢

Solving the above equations and check the second-order conditions, the expression for w;; and s;;

can be derived as linear functions of a;; and ¢; (for i € {1,2}).

w1t K11 K12 ar g Vit V12 c1
= , (23)

| w2 K21 K22 agt V21 V22 2

S1,t _ Y11 Y12 ai Si1 - S12 c1 (24)
S2.¢ a1 U2 ast S21 S22 2

The expressions for 9;j, 5, kij, and vy for i € {1,2} and j = 3 — i are given in Appendix D.

_|_

_l’_

4.2.2 Inter-Temporal Subproblem

Continuing working backwards, the next step is for the manufacturers to analyze their decisions
on the level of investment I; ;. Manufacturer i’s objective to maximize for its equilibrium profit at

this stage can be expressed as:

t+1 77182
HMi t = Z 5T_t |:(wi,7' - Ci)Qi,T - 21’7— — diT | (25)
T=t

where 7 € {1,2} and § is a “discount factor”. For simplicity, we assume that ¢ is one from now
on. Here I;; (i € {1,2}) are decision variables. The first-order condition from Equation (25) with

respect to the investment I;; is then derived as follows:

0Qir  Owiy 0si ¢ 0Qi 141
0 = L , 19 VI , ) sy ’
(wig = ) ol * Ol Qi = Misi Ol ¢ * (Wierr =) Ol
Ow; p 41 0sitr1 Ol
) ) m.a. ) _ J —1. 26
+ 8[@ Q’l7t+1 77151,1‘/+1 aIi,t aIi,t ( )
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Solving Equation (26) and check the second-order conditions, the investment I7, must satisty the

following relationship:

e a1+ €11 € c
| w2 L=t || e e s o)
\/ Iz*,t w21 W22 azt—1 €91 €922 ()

where the expressions for w;;, and ¢;; for ¢,j € {1,2} and j # i are given in Appendix D.

Using the fact that the market size in the t** period is

aiy = Gip—1 —YPit—1 —Pjt—1) +0(Sit—1 — Sj—1) + B/ Liz- (28)

We can derive the system equation for the market size as:

ait o X11  X12 ait—1 w11 w12 1 (29)
a2t X21  X22 a2 t—1 W21 W22 C2 ’

where the expressions for y;;, and w;; for i,j € {1,2} and j # i are given in Appendix D. The

+

result in Equation (29) is based on the assumption that a; o = a; where a; is the initial market size

given for product ¢, and p; o = s;0 = 0 for i € {1,2}.

5 Analysis of The Model — Part II: Dynamic Systems

Equation (29) governs the dynamics of market sizes and production cost over time. Alternatively,

we can write it in the following form:

ait X111 X12 Wil W12 alt—1
a2t B X21 X22 W21 W22 a2.t—1 (30)
Clt 0 0 1 0 Cl,t—1 ’
027,5 0 0 0 1 627,5_1
or in matrix notations,
d(t) = MI(t — 1). (31)

Equation (31) represents a homogeneous dynamic system. Note that the production cost ¢;; and
ca,t does not change over time. From the system equation above, a “system equilibrium point” can

be defined in the following definition. See reference xxx for details.

DEFINITION 5.1. A vector ® is an equilibrium point of a dynamic system if it has the property

that once the system state vector is equal to ® it remains equal to ® for all future time.
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That is, with the assumption that ®(0) # 0, a system equilibrium point must satisfy the condition

® =M. (32)

Equation (32) is useful to find the system equilibrium when one exists. From the dynamic system
theory, the existence of system equilibrium depends on the value of the dominant eigenvalue of M.
Specifically, the following lemma follows directly from the dynamic system theory (see Luenberger
(1979) [14], page number xxx for details) and the structure of homogeneous dynamic system of
market sizes stated in Equation (30) and (31). The dominant eigenvalue of M is the eigenvalue

with the largest absolute value. Subdominant eigenvalues of M refer to all other eigenvalues of M.

LEMMA 5.1. (Luenberger [1979]) Long-term behavior of the market sizes is determined by the
dominant eigenvalue of M. Subdominant eigenvalues of M determine how quickly the market sizes

converge or diverge.

From Lemma 5.1, we can analyze the dynamic behavior of the whole supply chain (i.e., retail
prices, wholesale prices and service levels) through the dynamic behavior of market sizes governed
by Equation (31). Section 4 has express all decision variables in a period as a function of market

sizes and production costs in that period. The results are given as follows:

THEOREM 5.1. Let Ap be the dominant eigenvalue of M, then A\p equals
(a) 1, if |x11] and |x22| are less than one;
(b) x11, if |x11| is great than one and |x22|;
(c) xa2, if |x22| is greater than one and |x11],

where x11 and X292 are as defined in Equation (30).

Proof: Eigenvalues of M are scalars A such that M — Al is singular. This implies one must solve for
A that satisfies det(M —\I) = 0. However, from the definition of M in Equation (30), eigenvalues of
M are 1, x11, and x22. Thus, the dominant eigenvalue must be the biggest of these three numbers.
O

The following theorem states the condition that governs the convergent or divergent behavior

of the system.

THEOREM 5.2. If the dominant eigenvalue of M is less than one, the market sizess of both
products converge to a constant over time. If the dominant eigenvalue is greater one, the market

sizes diverge. If the dominant eigenvalue equals to 1, the system can converge or diverge.

Proof: See Appendix E.
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Theorem 5.2 states the dynamic behavior of the market sizes of both products over time.
Although the theorem states only the behavior of market sizes, other quantities such as wholesale
prices, retail prices, service levels, and demand quantity also follow the behavior of market sizes.
If the market bases converge, these variables will converge as well. Likewise, if the market sizes

diverge, they will also diverge.

Even when we know exactly whether the market sizes will converge or diverge, the dynamic
behavior of the market sizes (and prices and service levels) between periods can vary. For example,
there can be some oscillation in the market sizes before each of them converge to a value. Alter-
natively, the market size can smoothly increase or decrease to a value over time. In the first case,
the leader-follower roles can be alternating between the two products. Namely, the two products
can switch the market leader-follower role? during the oscillation and before they reach the final
convergent value. The following theorem states the conditions that govern the period-by-period

behavior of the market sizes.

THEOREM 5.3. The dynamic behavior of market sizes is goverened by the value of its dominant

etgenvalue as follows:

(i) If every eigenvalue of M is positive, the dynamic pattern of market sizes is a geometric
sequence of the form r*, which (increasingly) diverge if r > 1 and converge if r < 1. No

oscillation occurs in this case.

(ii) If there is at least one eigenvalue that is negative, the response is an alternating geomet-

ric sequence of the form (—1)*|r|F. If |r| < 1, market sizes will converge with decreasing

oscillations. If |r| > 1, the market sizes diverge with increasing oscillations.

Proof: See Appendix F.

Theorem 5.3 characterizes the period-by-period behavior of the system variables. When the
dominant eigenvalue is negative, the market leader-follower roles between the two manufacturers
can be alternating every period due to the oscillation in the system variables (i.e., market sizes,
prices, service levels). When the dominant eigenvalue is real and positive, it is still possible that
the two manufacturers switch their market leadership. However, this switching can occur only once
since there will be no oscillation in the system variables. Figure 3 shows the situation when all
eigenvalues are positive. The dominant eigenvalue of M is 1.0000, while the subdominant eigenvalue

equals 0.059. The system smoothly converges to the system equilibrium predicted by Equation (32).

Figure 4 shows the situation when the dominant eigenvalue is positive and greater than 1
but the subdominant eigenvalue is negative and greater than —1. In this example, the dominant

eigenvalue of M is 1.0046, while the subdominant eigenvalue equals —0.5671. As seen from the

2A firm holds market leadership if it has larger market base than its competition.
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Figure 3: The evolution of equilibrium market bases when 8 = 0.0,v = 2.8,0 = 2.8, b, = b, =
2,0, = 0s = 1.1,a10 = 100,a29 = 160,c1 = 5,co = 15,1 = 12 = 5 (Manufacturer 1: Red,

Manufacturer 2: Blue, Retailer: *).

figure, the system oscillates during the first few periods before it settles on a smoother increasing
behavior. Note that Manufacturer 1 starts off being a market leader but ends up by being a market
follower. Detailed discussions on this behavior of the two manufacturers will be presented in the

next section.

6 Numerical Studies

This section shows numerical examples of a few important real-life cases for providing observations
and managerial insights. The range of the model parameters are taken from the existing literature
(e.g., Tsay and Agrawal (2000) [24] and Vilcassin et al. (1999) [25]). See Appendix G for details.

6.1 No Oscillation

Based on the results given in Equation (31) and Theorem 5.3, occurrence of oscillation behavior
of market size depends on model parameter values. Our numerical studies will explore a range of

parameter values such that the system smoothly moves to the equilibrium as defined in Equation
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Figure 4: The evolution of equilibrium market bases when 8 = 0.3,y = 3.8,0 = 2.8, b, = b, =
2,0, = 0s = 1.1,a10 = 100,a29 = 160,c1 = 5,co = 15,1 = 12 = 5 (Manufacturer 1: Red,

Manufacturer 2: Blue, Retailer: *).

(32). The following observation gives the conditions such that oscillation in market behavior would

not occur.

OBSERVATION 6.1. The oscillation behavior of the supply chain system will not occur if all
the following conditions hold:

(a) v < max (bp,0,), (b) 0 < max (bs,0s) and (¢) 0.50 <y < 1.50.

This observation states that if values of both v and o are not very different from each other and
not far from by, 6, bs, and 6, market size’s evolution over time will be smooth without oscillations.
Part (a) and (b) are reasonable and valid in most situations since demand should be more sensitive
to current price (service) than last period price (service). To understand part (c), we should
examine the case when this condition is not satisfied. If demand is much more sensitive to last
period price than last period service (y >> o), a two-period profit-maximizing manufacturer may
sell product at a low price in period ¢ and plan to overprice in period ¢t + 1. However, when period
t + 1 is reached, the manufacturer will find that it has a smaller market base in period ¢t + 1 due to
overpricing. It then would have to underprice again in period t 4+ 2 in order to regain the market

base loss due to overpricing in period ¢ + 1. This phenomenon would repeat itself overtime and
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cause oscillation in market bases, prices, and service levels. A similar situation can occur when
demand is more sensitive to last period service than the last period price. Thus, in a situation
where demand sensitivities to prices and service levels are not far from each other, there will be no

oscillation in the system.

Now, consider the situations given in Figure 4. The only difference in parameter values between
these situations is the 3 value. When 3 = 0, the investment I; ; will not affect the market size for

product ¢ in period ¢ for ¢ = 1,2. Namely,

aiy = aip—1 —YDit—1 —Dji—1) F0(si1—1 — Sji—1), (33)

fori,j € {1,2} and j # i. This is the case when consumers are not sensitive to the investment made
by the manufacturers in the current period. Thus, it is not beneficial to the manufacturers to invest
in any market expansion activities (f;; = 0 for ¢ € 1,2). On the other hand, if 3 > 0, the consumers
are sensitive to the market investment. Thus, it is always beneficial for the manufacturers to invest

some money for market expansion in this case. The following observation captures both scenarios.

OBSERVATION 6.2. The 3 value of consumer sensitivity to market expansion investment de-

termines whether the system is convergent or divergent:

(i) When B = 0 there will be no investment to expand market bases in any period and the system

will converge.

(ii) When 8 > 0 the manufacturers will keep investing in expanding the market bases and the

system will diverge.

Figure 3 shows the situation when 8 = 0. It shows that the system finally becomes stable.
When § > 0, both manufacturers will keep investing to expand their market bases. In that case,

the market base will keep growing as shown in Figure 4.

To the end of this article, we assume the validity of conditions given in Observation 6.1 on the

range of v and o. This is to prevent oscillations in market sizes over time.

6.2 Service-Emphasized Market

Figure 5 shows a typical case where demand is more sensitive to last period service than last period
price in the learning process®. In this case, we find that the firm with service cost advantage will
be the winner over time. This result assures the importance of service component in competitions

over repeated transactions.

31t is unrealistic to consider market with service only sensitivity and ignore the price component all together (i.e.,

B =~ =0). At least that is not the product type we are concentrating on with our model.
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Figure 5: The evolution of equilibrium market bases when 8 = 0.0,7 = 0.6,0 = 1.8, b, = b, =
2,0, = 0 = 1.1,a1 = 100,a2 = 100,¢; = 5, ¢ = 5,m = 7, g2 = 5 (Manufacturer 1: Red,

Manufacturer 2: Blue).

6.3 Price Sensitive Market

This example investigates the result of a special case where consumers only care about prices from
previous period in their learning process. Namely, 3 = o = 0 while v > 0. Since 3 = 0, the system
will finally converge to a system equilibrium. In this case, the final retail price of both products will
be the same. However, the company with the cost advantage (either production or service cost) can
afford to sell its product cheaper while providing more service to consumers. The retailer will sell
both products at the same price. This leads to an equilibrium in which the company with the cost
advantage gets more demand for its product and earns greater profit. This situation emphasizes
the role of the retailer as a middle man who can control the consumer demand through retail price
setting. Figure 6 shows the system dynamics in a typical price-sensitive market. The following

observation states this result.

OBSERVATION 6.3. Given that demand is only sensitive to price in its learning process (i.e.,
B =0 =0 and~y > 0), the company with any type of cost advantage will gain more profit and
capture a larger market base than its competitor. The retailer will sell both products at the same

retail price but the firm with cost advantage will be able to support more service to its customers.
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6.4 Identical Manufacturers

This example considers the situation when the two manufacturers are identical in product and
service cost. Namely, ¢; = ¢co = c and 111 = 12 = 1. We observe that no matter how different
the initial value the manufacturers have for market sizes, both products will be sold at the same
price with the same level of service provided to the consumers. An example of this scenario is
shown in Figure 7. The observation stated below emphasizes the importance of production and
service cost in competition between the two manufacturers over repeated transactions. If the two
manufacturers possess similar underlying production and service capability, initial advantage by

either company on the market base vanishes over time.

OBSERVATION 6.4. If all the costs are the same, the two manufacturers will converge to the
same market size and sell their products at the same price, while providing equal level of service
to consumers. This happens even though the two products may start with different market sizes

wnatially.
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6.5 Production Cost Leader Versus Service Cost Leader

This example studies the competition between two manufacturers that possess different advantages.
One manufacturer, company 1, possesses superior production technology and thus has a lower
production cost. The other, company 2, is more efficient in providing service. Thus, ¢; < ¢ and
n1 > m2. We are interested in investigating the extent to which each advantage can help a company

to compete with the other.

The following observation states that the company with service cost advantage will always
win in the long-run over the company with production cost advantage, no matter how large the
production cost advantage or how small the service cost advantage. This observation emphasizes
the importance of service component in competition over the long-run. Figure 8 shows a typical
situation in the competition between a production cost leader and a service cost leader. Notice
that at the beginning, the service cost leader may have a smaller demand and earn less profit.
However, as it keeps increasing service levels to consumers, it can finally win more customers and
earn bigger profit than its production cost leader competitor. Note also that the production cost

leader company has a larger initial market base but that still does not change the end result.
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OBSERVATION 6.5. Given that demand is equally sensitive to both price and service level (i.e.,
by =bs, 0, =05, v =0 >0) and B > 0, the company with service cost advantage may earn less
profit and capture smaller market base in the beginning. However, it will finally gain more profit
and capture larger market base than its competitor with a smaller production cost. This happens
no matter how large the production cost advantage company 1 has over company 2, or how small

the service cost advantage company 2 has over company 1.
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Figure 8: The evolution of equilibrium market bases when 8 = 0.9,y = 1.8,0 = 1.8, b, = b, =
2,0, = 0, = 1.1,a; = 100,a2 = 500,¢; = 3, c2 = 25, = 9, 2 = 5 (Manufacturer 1: Red,

Manufacturer 2: Blue).

7 Comparisons with the Myopic Model

This section compares our “two-period learning” models with myopic models. In the myopic model,
the two manufacturers and the retailer just try to optimize their single-period profits. For making
the comparison sensible by not giving advantge to the leaning model, the comparison is conducted
under two different assumptions on demand. In the first case, demand is memoryless. Consumers
in this case do not learn from past experience and only concern about prices and services in current
period. For our model, this is a special case when 8 = v = ¢ = 0. In the second case, consumers

learn from past experience. Thus, demand for product ¢ will depend on prices and service in both
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the previous and the current periods. To begin our comparison, we first state the equilibrium

decisions made by myopic firms.
Myopic Decision Model

Myopic firms optimize profit in the current period. In comparison to our model, it is as if firms
are in the second stage of the two-period profit-optimizing model studied in Section 4.1. Therefore,
the results from Section 4.1 can be applied here. Thus, for any time period ¢, manufacturers’

investment to expand market base within current period can be calculated by

Ve ] _ [ 011 012 ] [ ai,4—1 ] n [ (012 —011)y —(012 — 611)Y ] [pl,t—l ]

[ V0o 021 022 a1 (022 — d21)y  —(022 — d21)Y P2,t—1

n [ —(012 = d11)0 (012 — d11)0 ] [ 51-1 ] N
—(022 — 021)0 (922 — 21)0

Ay
Ag

S2,t—1

Moreover, from Section 4.1 the wholesale prices, retail prices, service levels, and demand quantities
for both products can be calculated. All the parameters are as defined previously in Section 4.1.

We now compare the numerical results from our model and the myopic model.

7.1 Myopic Firms with Memoryless Demand

Figure 9 shows the comparison in this case. The market sizes are the same for both models and do
not change over time since there is no learning demand. The manufacturers do not have to invest
since demand is not affected by their investments (5 = 0). It can be seen that the manufacturers’
profits are higher in our model. Service levels and prices are also higher in our model, even though
demand is smaller. Thus, the manufacturers in our model concentrate on the higher end of the
market (high service or high price), whereas the manufacturers in myopic model focus on the lower
end (low service or low price). This is an important insight for firms in a market where the learning
effect from consumers is small. High-end consumers are willing to pay more for higher service level

and firms can earn more profits focusing on this group of consumers.

7.2 Myopic Firms with Learning Demand

Figure 10 shows the comparison when consumers learn from the past period. In a myopic model,
the firms only care about their profits in the current period and ignore any future effects their
behavior might cause over time. Thus, they are not capable to cope with the learning consumers.
Their markets shrink and they earn less profit over time. On the other hand, our model, with
think-ahead firms, can prevent this phenomenon from happening. They plan their actions to take
advantage of the learning behavior of demand. The service levels and prices are chosen such that

the firms are rewarded by the consumers. Thus, markets keep growing for both products while
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Figure 9: Comparison between Myopic and Two-period profit optimizing model. 3 =0,v7 = 0,0 =
0, bp = bs = 2,0;, = 93 = 1.1,@1 = 120,&2 = 80,61 = 5,62 = 5,771 = 6,772 =9 (Myopic: XXX,
Two-Period: —, Manufacturer 1: Red, Manufacturer 2: Blue).

firms can keep earning more profits.

8 Conclusion

Both game theory and dynamic system concept are used to characterize our model of learning from
repeated transactions. We assume that firms use a moving two-period profit-maximizing strategy.
Demand is assumed to have a “learning” capability. Information on the previous period prices and
services, as well as manufacturers’ investment to expand market bases, can influence market size of
each product in the current period. Using concepts from dynamic systems with numerical studies

on several interesting cases, several important managerial insights are obtained.

We find that if demand is only sensitive to price in the learning process and all the costs are the
same between two identical manufacturers, the manufacturers will possess equal market size even
though they may initially start with different market sizes. Our main finding is that if demand is
equally sensitive to both price and service level, the manufacturer with service cost advantage may

earn less profit and capture a smaller market base in the beginning. However, it will finally gain
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Figure 10: Comparison between Myopic and Two-period profit optimizing model. § = 0.5,7 =
04,0 =0.3,b, =bs =2,0, =6, =1.1,a1 = 120,a2 = 80,¢1 = 5,¢2 = 5, = 6,m2 = 5 (Myopic:

xxx, Two-Period: —, Manufacturer 1: Red, Manufacturer 2: Blue).

more profit and capture a larger market base than its competitor with a smaller production cost.
This happens no matter how large the production cost advantage its competitor has, or how small

the service cost advantage the manufacturer has over its competitor.

We realize that our assumption on constant unit production cost over time may not be realistic.
Other alternatives such as economy-of-scale production cost or decreasing return-to-scale produc-
tion cost can be explored in the future. These assumptions will affect the pricing behavior of both
products over time. In our case, since unit production cost is constant, a firm can increase service
levels and keep charging a higher price without worrying much about production cost. Thus, retail
price can keep increasing as long as service can make up for the price increase. Other assumptions

on production cost are likely to yield different results.
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Appendix A. Parameters Specifications for Equation (12)

and (13)

= Osbptbalbpt,)
2bp(b,,+2zp) 9’
ti = ﬂ + % —|—Gl1 +Hl2D17
0p
ty = §02D + 00, +20 ) + Hly 4+ Gla Dy,
Y11 = o1 % + Gmq1 + Hmay,
y21 — SOQM _|_ Hmll + Gle;

by 16
g1 =13 — p+p90 + 2¢2D + bedbap,

81,D;,

gi12 = b”+ 21Dy + 4 7 2oy + batbal Dy — *Slz,

g21 = — bp+p<P D + 290 |+ 2ty Dy - &y,

g2 =% — bﬁe oo + 2 5102 + b5+951 %1, Dy,
hiy = bp+9p ©1(Ev + F1.Dy) + z % oo (FL + E1Dy) +
hig = bp*"? o1+ ExDo) + % o2(By + FyDy) +
hgy = — 22 +9 w2(F1 + E1Dy) + z <P1( + 1D2) +
hag = bp+9p @2(E2 + FoD1) + Fp1(Fo + E2 Do) +

Appendix B. Parameters Specifications for Equation (17)
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At = Qi — ’Y(pi,t - pj,t) + U(Si,t - Sj,t)
¢i = (Ei + FiDj)e; + (Fj + E;Dj)c;

o Ai(bsH0s)
Hi = A1 As—B1 B

)\i _ Ai(b3+95)(Fi+EiDi):| ¢ + [W _ 1:| (bs + QS)C]'

A1 As—B1 B2 A1A>—B1B> 277j
Ty = % (bs + 0s) 15 — (bp + Op)pi + Opp; Di — QSWDI}

vi = 5 |(bs +05)1;Dj — (bp + )i Dj + Opp; — ‘95/“}

0= — (bp+gp)<m b + 9;72801' b — BN+ (l’fgies))\j

pi = (5 + Ti) it + viajy + 0

Ai = @ipi + &piais + Djg i + ¢i) — mipd (i + Djee) — nipgAj — €161
ri = i(0.5 + 273) — nip?

i = ivi + @i(0.5 + ) D; — 13p3 D;

S11 — B(2—5r2)(0.501471)+B3 1 Uy S1o — B(2—B3%r2)W14683¥1 (0.502+72)
1= 0o (@f%) v, 0 0127 (2B (2—FPra)— AU Ty
501 = B(2=B%r1)Wa+33W5(0.501+711) S0 — B(2—32%r1)(0.5p2+12)+83 V1 Wy
21 = (2%27‘12)(25@@%[3?2@1@2 v 922 = TR (2—3%r0) BT Uy
Ay = (g_ﬁég;lﬂ)(;i)g;g)ﬂ_gi\pf%a N = @101+ (0.5 +71)p101 — Mp2de — (0.5 4 71)c1
3 _ 27,
Ay = (g_ﬁgzrff;g_ﬁﬁ(grg_ézgiqw Q2 = @202 + (0.5 + T2)p202 — nap1 A1 — (0.5 + 72)co
S a2 2
V=V —1U9
ar = (612 — 011 — %), 54525(522—5214-%)

Appendix C. Parameters Specifications for Equation (20)
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P11 = ﬁ(ugﬂg - 1/3192) P12 = ﬁ(Vﬂ/S‘Z — 7745;)

Uo1 = D105 — D301), oy = V(104 — D301

Gt = D057 + (b + 0,)03), iz = (b + 0,)7 + 6,02)

o1 = V(001 + (bp + ep)a)a Co2 = —V((bp + Op)7n + 9p19/\1)

Ty = D(ia0s + D302), Ty = 5501 + Giv5)

K1 = t117oq + tiayas, K2 = @170a1 + p1 D2y

k3 = g11yai + gi270e, R4 = taryon + taayas

k5 = peD1vaq + poyaz, K6 = ga1701 + ga2y02

1 = —tiiooq — tipoan, p2 = —proa1 — p1Dyoan

03 = —g110Q1 — g1200, fig = —t21001 — ty2002

15 = —paDyoaq — paoas, e = —g210Q1 — G200

b1 = (811 + 1)ay -1 + Bor2a2,—1 + BA1, $2 = (B2 + 1)agi—1 + Bda1ar -1 + BA1
D1 = gt + G122 + juicr + jiaca, b2 = ga11 + go2t2 + jorcr + Jasco

1 = =2(by + ) + 283(R1 — K2) + 2Rg(Ra — R5), 2 = 20, — 2k3(K1 — Ra) — 26 (Ra — Ks)
U3 = (bs + 0s) + 213(k1 — Ka) + 216(Ka — Ks), Uy = —0s — 203(k1 — Ra) — 206(RFa — Ks)

U5 = a1 + 1 (RT — F2) + Ra7i + Ua(Fi — R3) + Rord
01 = 20, — 23 (T — 2) — 2R6(R1 — 7)),

0y = —2(by + 0,) + 23 (R1 — 2) + 27 (Ra — 73),
D3 = —6, — 23 (F1 — 72) — 2071 — 73),

04 = (bs + 05) + 203 (R1 — Fz) + 205 (R — 73),

U5 = agy — 1 (k1 — ko) — k371 — ¥a(ka — Ks) — KeT2

Appendix D. Parameters Specifications for Equation (23)
and (24)
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where,

751 = (05101 — 61051) (Bacit — B1aa) — (8201 — 0102)(Fs1a1 — Prcvar)
52 = (850001 — 61052) (Bai — Bran) — (8201 — 0102) (B2 — frcvaz)
U3 = (05301 — 1053) (B2t — (1) — (8201 — 0102)(Bs3a1 — frcvss)
V51 = (65401 — 01051) (B2t — 1) — (201 51042)(554041 Grass)
¢51 = (a1 — T1a51)(Gedt — fraz) — (’Y 1a2) (Bs101 — Brazn)
P52 = (V5201 — 710452)(52041 $1@2) — (9201 — 5102) (G520 — Fram2)
¢53 = (Y5301 — Y1as3) (Gadiy — 51042) (%201 — T103) (Bs3a1 — Brass)
$51 = (Va1 — T1052) (Gadt — fraz) — (720é1 042)(554061 Grass)
E51 = (05104 — 04051 ) (f20a — Fa@z) — (0204 — 0402) (G510 — Pacis1)
€52 = (052001 — 540452)(52044 — B4@) — (6204 — 0402)(F5204 — aciaz)
Es3 = (65301 — O4i53) (B2ais — Paia) — (8o — 04032)(Bs3ia — Pacing)
€54 = (05401 — 54%4)@~ — Badiz) — (5~ — 6402)(F5101 — Paasa)
P51 = (75101 — Yaa51) (2a — Badz) — (204 — 7402) (G510 — Bacisi)
P52 = (75201 — Yaam2) (B — Fadz) — (T2 — 2)(@32044 )
P53 = (7330 — 74053) (P20 — Pada) — (T20a — 7402)(F5304 — Paass)
P51 = (73101 — Ya051) (Bo0ia — Badiz) — (Fo0a — 74042)(@34044 — Gaaiss)
As1 = (65101 — S1am1) (Baan — Praa) — (54041 — 61aa)(Bs101 — Praar)
Xs2 = (05201 — 510452)(54041 Braa) — (8401 — 6102) (G521 — Pravsa)
As3 = (65301 — d1a53) (Baan — Fraa) — (540é1 — 6101) (G531 — Prass)
Aot = (051071 — d1a51) (Baan — raa) — (0aa — 6101)(Fsaa1 — Brass)
051 = (Y101 — T1a51)(Bacii — fraz) — (’)’4041 J1aa)(Bsiar — Biasr)
052 = (15201 — 710452)(54041 $1@1) — (aa1 — 3102) (G520 — Fram)
033 = (V5301 — T1as3) (Baan — 513a) — (Fad1 — F10a) (G531 — Graas)
054 = (5201 — 71052) (Bad1 — B1d) — (Fadi — 710a) (Bsa0i1 — Sroaa)
pr%&a—&MM@m &@)(@m—&@mﬁz Braa)

p2 = (Y301 az)(Geat — Graz) — ( 1042)(53041 Gias)

fs = (03071 — 8103)((aat — fraiz) — (6207 — d1a2)(Bsar — 1)

p1 = (a0 — %al)(ﬂzm fran) — ( T105)(Gaar — Gian)

ps = (0301 — 61033) (Bacit — P1ia) — (841 — 610) (B30t — 1¥3)

fo = (201 — 7102)(Aaa1 — fras) — (Faai — 1a1)(Fea1 — fras)

p7 = (02071 — 8102)(Gaciy — fraa) — (daa7 — 5104 )(/32011 Gias)

fs = (F3a1 — 103)(Aact — fraa) — (Fad1 — J10a)(Bsa1 — F1as)

fo = (6304 — 6403)(Gaas — Fa@a) — (6204 — 6402)(G3as — Fai3)
plo = (101 — 7407) (P20 — fadiz) — (201 — Faaz)(braa — faair)

(7 a1)(
pin = (5104 — 54 1)(B20i1 — Baciz) —
(72 as)

pr2 = (Y30 — (Baaia — Baciz) —
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a1 = i1+ frmn + Yl — (811/4m) (bs + 05)2] — 2(012 — 611)(v91 — o)V
a2 = iz + AniTiz + Yzl — (A1 /4m) (bs + 05)%) — 2(612 — 611) (792 — 0)761
a3 = 2711 + RIfnL + Al — (R /4m) (bs + 05)%] — 2(812 — 611)27%01

ay = T2 + Fn iz + Fielim — (R11/4m) (bs + 05)?] — 2(812 — 611)*7% 0102

a1 = 011 + Ano11 + i — (A1 /4m) (bs + 05)?]

a5z = Uiz + F11612 + anain — (R11/4m) (bs + 05)?]

53 = Wi — 701 + A6 + (@11 — D[ — (711/4m) (bs + 65)?]

@51 = Wiz + f11012 + G2l — (R11/401) (bs + 05)?)

B = —m 4+ um + nlm — (@ /4m) (bs + 05)%] — 2(612 — 011)2(v91 — 0)?
Ba = 11712 + @[771 - (E/ﬁlm)(bs +05)%] — 2(612 — 511)2(779Nl - U)(’YQ% —0)
B3 = i1 + i + fra (s — (11 /4m) (bs + 05)%] — 2(812 — 611)2(791 — 0)761
Ba = Yuifine + Fr2lin — ($11/4m) (bs + 65)%] — 2(012 — 811)2(v01 — 0)703

Bs1 = 11671 + Gailr1l — (11 /4m) (bs + 05)?]

P52 = 11612 + analmi1 — ($11/4m) (bs + 05)?]

sz = —imi + b + (@11 — D71 — (i /4m) (bs + 65)?]

B4 = 11012 + Ga[7i1 — (11 /4m1) (bs + 605)?)

Fi = M1 + 7 + Yol — (R32/4m) (bs + 05)2] — 2(022 — 021)(191 — 0)763
To = 2 + a2 + Uaolfiz — (R32/402) (bs + 05)%] — 2(022 — 821)2(792 — 0)v63
Ty = 7o + Faian + fa [ — (R32/412) (bs + 05)2] — 2(8an — 021)27%81.02

Y1 = 2o + Fafizs + kaalfize — (Faz/4m2) (bs + 05)%] — 2(d92 — do1)27% 62>

Y51 = U21 + K22021 + 021 [fi22 — (K22/412) (bs + 05)?]
Y52 = Un + k0 + Gz iz — (R22/4m2) (bs + 05)?]
V53 = 0ot + Ranlor + &3 iz — (Raa/4n2) (bs + 65)?]
Vo1 = W2 — T2 + Rl + (32 — 1) |32 — (R32/4m2) (bs + 05)?]
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01 = Poaor + Yo [Ton — (Raz/4n2)(bs + 05)2] — 2(8ag — 821)%(v01 — o) (Y92 — 0)
02 = =1 + Y2sTon + Vo273 — (R32/412) (bs + 05)2] = 2(022 — 021)2 (70 — 0)?
03 = Yaafizs + R[732 — (R2/4m2) (bs + 05)%] — 2022 — 821)2(v02 + 0)741

0y = 7722 + Yoofiz + R [Ton — (R22/412) (bs + 05)?] — 2(822 — 021)% (702 + 0)762
051 = Paaa1 + aa1[122 — (Paz/4n2) (bs + 65)?)

052 = Y2203 + Ama[Ton — (122/412) (b + 05)?]

053 = Yafar + 031 [T — (o /4n2) (bs + 6,)?]

051 = —il33 + Yaalas + (W22 — 1) (735 — (a2 /4m2) (bs + 0,)?)

i1 = —(by + 0p)0(Is3 — Va173) — 0,051 — 01773) + (bs + 05)
iz = — (b + 0p)0(0ais — U204) — 0,0 (94 — 9173) — b

1 = 0p0(0305 — 0253) + (by + 0,)0 (9351 — 01733) — O

722 = 0,0(0a03 — V204) + (bp + 0,)D(Vaii — D154) + (bs + 6)
711 = (by + 0,)0(0,5 + Da(by + 0,)) + 0,0(0,51 + 01.(by + 6,))
T2 = —(by + 0,)0((by + 0,) 05 + V26,) — 0,0((b, + 6,)71 + V16,)
o1 = — 0,0 (0103 + D2 (by + 0)) — (bp + 0,)0(0,5 + D1 (b + 6,)
a2 = 0,0((by + 0,)03 + V26,) + (by + 0,)5((by + 0,01 + 016,,)

X1 = p17(aq + Daaz) = —x12
X21 = p2y(Drag + a2) = —x22

w11 = p10(aq + Dey) = —w12
wa1 = oo (D1ag + az) = —wan
Y1y = ﬁﬁ(@l/z — 1/9;173) — X129(1/9§V1 191V3) + w11
Ura = X1P (04t — 0974) = Xi2P(Vari — 01771) + @1
U = XD (Vs — V23) — Xa2P(937 — 0173) + @
a2 = Xa10(V40 — V201) — XoaP(Vaih — 0171) + wa
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Rt = —X112(0p + Va(by + 0,)) + X120(0,1 + V1 (by + 6,)
fiz2 = X110 ((bp + )7 + 920,) — X120((by + 0,) 7 + V16,)
f21 = —Xa10(0pi + Va(by + 0,)) — Xz20(0p 1 + V1 (b + 6,)
i22 = X210((by + 0,) 7% + U260,) + Xa20((by + 0,)01 + 016,)
T = K3V(193V2 — 1927/3) + Hsv(ﬁ:slfl 1/9:173) + 13

)+ FaD(0aih — 0172) —

) + (ﬁgul his) + Tie

) + R

)

T2 = 1131/(1941/2 — 1921/4
To1 = /@61/(1931/2 — 1921/
Ton = FoD (Va3 — Vo Dt — 0174) — i

pi1 = —kav(0p03 + 192(6 +0,)) + k3v(0pn + 191(6 +0,))
fi12 = F3v((bp + 0p)02 + 79201)) — V(b + Op) 1 + 79191))
iz = —FaD(0p03 + Va(by + 0p)) — FeD (0,51 + V1 (by + 0,))
fi32 = Fgp((bp + 0p)7 + 020,) + Fgo((by + 0,) 74 + 016,)
191 = 2b, V(3 — 193) 192 = 2b,V(y — 194)

U5 = 2b oV (U5 — 195) 01 = —02 = 2b,0(by + 26,)

Appendix E. Proof to Theorem 5.2

The system given in Equation 31 is
®(t) =MP(t —1).

Let P be the modal matrix of M. That is, P is the 4x4 matrix whose 4 columns are the

eigenvectors of M. For a given ®(t), we define a vector z(t) by
®(t) = Pz(t).

This transformation follows from the fact that any vector ®(t) can be written as a linear

combination of its eigenvectors. That is ®(t) can be expressed as
‘I’(t) =17 (t)el + Zg(t)ez + Zg(t)e3 + 24(t)e4

where z;(t),7 € 1,2, 3,4 are scalars. Using the fact that Me; = \;e; (where \; is an eigenvalue

of M), multiplying the equation above by matrix M yields

Bt+1) = Md(t) (34)
= Mz (t)el + Aozg (t)e2 + )\3Z3(t)e3 + /\424(t)e4. (35)
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In this new transformation, the original system in Equation 31 can be represented as

Pz(t + 1) = MPz(t).
or, equivalently,

z(t + 1) = P~ !MPz(t). (36)
This defines a new system that is related to the original system by a change of variable. The

new system matrix P~'MP is equal to A, where A is the diagonal matrix with the eigenvalues of

M on the diagonal. Thus, when written out in detail, Equation 36 becomes

z1(t+1) A1 0 0 O z1(t)
zo(t+1) _ 0 X 0 O za(t) (37)
z3(t+1) 0 0 X3 O z3(t)
z4(t+1) 0 0 0 X\ za(t)

which explicitly displays the diagonal form obtained by the change of variable.

The state-transition matrix of a constant coefficient discrete-time system at period k is MF.

The system matrix can be calculated by first converting M to diagonal form as
M = PAP .

which provides a representation of M in terms of its eigenvalues and eigenvectors. It then

follows that for any

k>0
Mk = PAKP L

Therefore, calculation of MX is transferred to the calculation of AF. Since A is diagonal, one

finds immediately that

Moo 0 0
0 X 0 o0

k 2

M=o AE 0 (38)
0 0 0 M
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One can see immediately that if the magnitude of dominant eigenvalue is less than 1 (i.e.,
|\;] < 1 for all i), as k increases, AF tends toward zero. This corresponds to the system converging
over time. On the other hand, if there is at least one eigenvalue with magnitude greater than one
(|Aj] > 1 for some j), the system of market bases evolution will increases geometrically towards

infinity. This corresponds to a divergent system.

Appendix F. Proof to Theorem 5.3

Let A\ be the dominant eigenvalue of a discrete time system. It is possible to express A in the form
A =re? = r(cos +isinf).
The characteristic response due to this eigenvalue is
Mo = ket — ¢k (cos kO + i sin k6).

The coefficient that multiplies the associated eigenvector varies according to this characteristic
pattern. From the above equation, one can see that if A is real and positive, the response pattern

is the geometric sequence r*, which increases if r > 1 and decreases if » < 1. No oscillation will

k¥ remains positive for any k. However, if ) is negative, the

k

occur with positive eigenvalue since r

response will be an alternating geometric sequence since r° switches sign for every step.

If X is complex, it will appear with its complex conjugate. The real response due to both
eigenvalues is of the form 7¥(A cos kf 4 iBsin kf). If 6 # 0, the expression within the parentheses
will change sign a k changes. However, the exact pattern of variation will not be perfectly regular.
In our problem, we assume that A is not complex. Therefore, this irregular oscillation case is

excluded from our analysis.

Appendix G. Range of Parameters Used in Numerical
Studies
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[24]

Parameter Range
by {0.3, 0.5, 0.7,0.9, 1.1, 1.3, 1.5}
Op {0.3, 0.5, 0.7, 0.9, 1.1, 1.3, 1.5}
bs {0.3, 0.5, 0.7,0.9, 1.1, 1.3, 1.5}
0 {0.3, 0.5, 0.7, 0.9, 1.1, 1.3, 1.5}
a; {40, 60, 80, 100, 120}
¢ {2, 4,6, 8, 10}
N {2, 4, 6, 8, 10}
y {0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0}
o {0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0}
8 {0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0}

The range of these parameters are based on related literature such as Tsay and Agrawal (2000)
and Vilcassin et al.(1999) [25].
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